Abstract. In order to explain the mechanism of the calcium oscillations induced by the calcium-induced calcium release in non-excitable cells, the Kummer-Olsen calcium oscillation model was proposed. In this paper, by using the qualitative theory, bifurcation theorem and the center manifold theory, the nonlinear dynamics of this model is first characterized, including the stability and classification of the equilibrium points with parameter value. It is shown that supercritical Hopf bifurcations play very important roles in calcium oscillations. Furthermore, some new numerical simulations have confirmed the theoretical analysis results. Based on the existing numerical results with the theoretical analysis, complex dynamics of the Kummer-Olsen calcium oscillation model has been described perfectly.
Introduction
The calcium ion, Ca2+ plays a very important role in Cellular signal transduction [1] . Since 1980s, calcium oscillations were found experimentally, the role of oscillation for intracellular Ca2+ signaling has become of interest. Many researchers, such as Borghans and Marhl etc. established some mathematical models [2] [3] [4] [5] [6] to explain the mechanism of Ca2+ oscillations from experimental point of view, the other researchers made some theoretic analysis and researches about the appearance and disappearance of calcium oscillations based on numerical simulation [6] [7] [8] .
In 2000 [9] , one of the important calcium oscillation models in non-excitable cells, the Kummer-Olsen calcium oscillation model was put forward by Kummer and Olsen. In this paper, by using the qualitative theory, bifurcation theorem and the center manifold theory, the nonlinear dynamics of this model is first characterized, including the stability and classification of the equilibrium points with parameter value. It is shown that supercritical Hopf bifurcations play very important roles in calcium oscillations. Furthermore, some new numerical simulations have confirmed the theoretical analysis results. Based on the existing numerical results with the theoretical analysis, complex dynamics of the Kummer-Olsen calcium oscillation model has been described perfectly.
The mathematical model and main results
The Kummer-Olsen calcium oscillation model is described in [9] as follows: 
The equilibrium of the system (2) is determined by the following equations: 
, , x y z of system (2) for 0
Base on the above analysis and the qualitative theory and stability theory, we obtain: When 1.4017 r < , the system (2) has a stable node; When 1.4017 r = , the system (2) has a non-hyperbolic equilibrium 1 O ; When1.4017< r <3.3615 , the system (2) has equilibrium (saddle); When 3.3615 r = , the system (2) has a non-hyperbolic equilibrium 2 O ; When 3.3615 r > , the system (2) has a stable node. It infer that system (2) have two non-hyperbolic equilibriums ( ) 1 1 O r ′ and ( ) 2 2 O r ′ , for 1 1.4017 r ′ = and 2 3.3615 r ′ = respectively. Now, by using the center manifold theorem and bifurcation theory,we analyzed dynamics around these two equilibriums.
We suppose that ( )
, , x y z is the corresponding equilibrium of system (2) (2), we get a new system as follows: 
Hence, we can obtain: When 1.40172563, r = the supercritical Hopf bifurcation in system (2) occurs at 1 O . When 1.4017, r > the stability of Equilibrium 1 O changes. A limit cycle will occur around the area of 1 O , and system (1) can generate the calcium oscillations. When 3.3615, r = the system confined by the center manifold of system (2) is: Fig.1 The equilibrium points curve of r y − for system (2).
The Fig.1 (2) .When r increases the equilibrium loses its stability at HB1 and returns to be stable at HB2. . Fig.3 shows a plot of one orbit near HB1 for 1.413 r = and sample time behaviors of x for 1.413 r = .
Conclusions
In this paper, we first analyzed the nonlinear dynamics of the Kummer-Olsen calcium oscillation model in non-excitable cells by using the qualitative theory, bifurcation theorem and the center manifold theory, including the stability and classification of the equilibrium points with parameter value. It is shown that supercritical Hopf bifurcations play very important roles in calcium oscillations. Furthermore, some new numerical simulations have confirmed the theoretical analysis results. Based on the existing numerical results with the theoretical analysis, complex dynamics of has been described perfectly.
